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Abstract In this paper, we consider multivalued nonself
weak contractions on convex metric-like spaces and we
establish the existence of fixed point of such mappings. We
provide some examplesmaking effective our obtained result.
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Introduction and preliminaries
The study of fixed points for multivalued self mappings
contractions using the Hausdorff metric was initiated by
Nadler [16]. The fixed point theory for multivalued nonself
mappings is developed by Assad and Kirk’s [5]. They [5]
proved the Banach’s contraction principle for nonself mul-
tivalued mappings. For other results for multivalued nonself
mappings, see [3, 9, 10, 14, 17–19]. On the other hand,
Berinde [6, 7] introduced a new class of self mappings usu-
ally called weak contractions or almost contractions.
Recently, Alghamdi et al. [3] introduced the notion of mul-
tivalued nonself almost contractions as follows.
Definition 1.1 Let (X, d) be a metric space and K a
nonempty subset of X. A map T :K ! CBðXÞ is called a
multivalued almost contraction if there exist a constant k 2
ð0; 1Þ and some L 0 such that
HðTx;TyÞkdðx;yÞþ Ldðy;TxÞ for all x;y 2 K: ð1:1Þ
Alghamdi et al. [3] proved the following fixed point
theorem for multivalued nonself almost contractions on
convex metric spaces.
Theorem 1.2 [3] Let (X, d) be a complete convex metric
space and T : X ! CBðXÞ a multivalued almost contrac-
tion with k 2 ð0; 1Þ and some L 0: If kð1þ LÞ\1 and T
satisfies Rothe’s type condition, that is, x 2 oK ) Tx  K;
then there exists x 2 K such that x 2 Tx:
In this paper, we extend the obtained results in [3] to the
class of convex metric-like spaces. Mention that the con-
cept of Hausdorff metric like was introduced in a very
recent paper of Aydi et al. [4]. First, we need the following
definitions and properties in the sequel.
Definition 1.3 Let X be a nonempty set. A function r :
X  X ! Rþ is said to be a metric like (dislocated metric)
on X if for any x; y; z 2 X; the following conditions hold:
(r1) rðx; yÞ ¼ 0 ¼) x ¼ y;
(r2) rðx; yÞ ¼ rðy; xÞ;
(r3) rðx; zÞ rðx; yÞ þ rðy; zÞ.
The pair ðX; rÞ is then called a metric-like (dislocated
metric) space.
Each metric-like r on X generates a T0 topology sr on
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x 2 X; e[ 0g; where Brðx; eÞ ¼ fy 2 X : jrðx; yÞ 
rðx; xÞj\eg; for all x 2 X and e[ 0.
Observe that a sequence fxng in a metric-like space
ðX; rÞ converges to a point x 2 X, with respect to sr; if and
only if rðx; xÞ ¼ lim
n!1rðx; xnÞ.
Definition 1.4 Let ðX; rÞ be a metric-like space.
(a) A sequence fxng in X is said to be a Cauchy
sequence if lim
n;m!1 rðxn; xmÞ exists and is finite.
(b) ðX; rÞ is said to be complete if every Cauchy
sequence fxng in X converges with respect to sr to a
point x 2 X such that
lim
n!1rðx; xnÞ ¼ rðx; xÞ ¼ limn;m!1 rðxn; xmÞ.
Every metric space is a metric-like space, but the con-
verse may not be true.
Example 1.5 Let X ¼ R and r : X  X ! Rþ defined by
rðx; yÞ ¼ jxj þ jyj for all x; y 2 X:
Note that r is a metric like, but not a metric since
rð1; 1Þ ¼ 2[ 0:
We need in the sequel the following trivial inequality
rðx; xÞ 2rðx; yÞ for all x; y 2 X: ð1:2Þ
For fixed point results for single-valued mappings in the
setting of metric-like spaces, we may cite [1, 2, 11, 13, 15,
20, 21].
Very recently, Aydi et al. [4] introduced the concept of
Hausdorff metric like. For instance, let CBrðXÞ be the
family of all nonempty, closed and bounded subsets of the
metric-like space ðX; rÞ, induced by the metric-like r. Note
that the boundedness is given as follows: A is a bounded
subset in ðX; rÞ if there exist x0 2 X and M 0 such that
for all a 2 A, we have a 2 Brðx0;MÞ, that is,
rðx0; aÞ  rða; aÞj j\M:
The Closedness is taken in ðX; srÞ (where sr is the topol-
ogy induced by r). Let A be the closure of A with respect to
the metric-like r. Then, if A 2 CBrðXÞ, then A ¼ A. For
A  X and a 2 X, we also have
a 2 A () Brða; eÞ \ A 6¼ ; for all e[ 0
For A;B 2 CBrðXÞ and x 2 X, define
rðx;AÞ ¼ inffrðx; aÞ : a 2 Ag; drðA;BÞ
¼ supfrða;BÞ : a 2 Ag;
drðB;AÞ ¼ supfrðb;AÞ : b 2 Bgand HrðA;BÞ
¼ max drðA;BÞ; drðB;AÞf g:
We find more details on the properties of Hr in [4]. We
also have the following useful lemmas.
Lemma 1.6 Let A;B 2 CBrðXÞ and a 2 A: Then, for all
e[ 0; there exists a point b 2 B such that
rða; bÞHrðA;BÞ þ e:
Lemma 1.7 [4] Let ðX; rÞ be a metric-like space and A
be any nonempty set in ðX; rÞ; then
if rða;AÞ ¼ 0; then a 2 A: ð1:3Þ
We give the following definition concerning the concept
of convexity on metric-like spaces. One may find its analog
for the metric case in [5].
Definition 1.8 A metric-like space ðX; rÞ is convex if for
each x; y 2 X with x 6¼ y there exists z 2 X; x 6¼ z 6¼ y;
such that
rðx; yÞ ¼ rðx; zÞ þ rðz; yÞ: ð1:4Þ
We also need the following concepts.
Definition 1.9 Let ðX; rÞ be a metric-like space and A be
a set in X. We have
x 2 A˚ () 9e[ 0; Bðx; eÞ  A;
where Bðx; eÞ ¼ fy 2 X; jrðx; yÞ  rðx; xÞj\eg. We define
the boundary of A in ðX; rÞ as
oA ¼ AnA˚:
The purpose of this paper is to prove a fixed point
theorem for multivalued nonself almost contractions on
convex metric-like spaces. We derive many interesting
corollaries on existing known results in the literature. Some
examples are also presented illustrating our obtained result.
Fixed point of multivalued almost contraction
Now, we state and prove our main result.
Theorem 2.1 Let ðX; rÞ be a complete metric-like space
and K a nonempty closed subset of X such that if x 2 K and
y 62 K; then there exists a point z 2 oK (the boundary of K)
such that
rðx; yÞ ¼ rðx; zÞ þ rðz; yÞ: ð2:1Þ
Suppose that T :K ! CBrðXÞ is a multivalued almost
contraction, that is,
HrðTx;TyÞkrðx;yÞþLrðy;TxÞ; for all x;y2K ð2:2Þ
with k 2 ð0; 1Þ and some L 0 such that ð1þ LÞðk þ
2LÞ\1: If T satisfies Rothe’s type condition, that is, x 2
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oK ) Tx  K; then there exists xH 2 K such that xH 2
TxH; that is, T has a fixed point in K.
Proof We construct a sequence fxng  K in the follow-
ing way:
Let x0 2 K and y1 2 Tx0: If y1 2 K; let x1 ¼ y1: If y1 62
K; by (2.1) there exists x1 2 oK such that
r x0; x1ð Þ þ r x1; y1ð Þ ¼ r x0; y1ð Þ: ð2:3Þ
We have x1 2 oK and so by Definition 1.9, x1 2 K. Thus,
by Lemma 1.6, there exists y2 2 Tx1; such that
rðy1; y2ÞHrðTx0; Tx1Þ þ k: ð2:4Þ
If y2 2 K; let x2 ¼ y2: If y2 62 K; by (2.1) there exists x2 2
oK such that
rðx1; x2Þ þ rðx2; y2Þ ¼ rðx1; y2Þ: ð2:5Þ
Therefore, x2 2 K. From Lemma 1.6, there exists y3 2 Tx2;
such that
rðy2; y3ÞHrðTx1; Tx2Þ þ k2: ð2:6Þ
Continuing in this fashion, we construct two sequences
fxng and fyng such that
(i) ynþ1 2 Txn;
(ii) rðyn; ynþ1ÞHrðTxn1; TxnÞ þ kn, where
(iii) xn ¼ yn if yn 2 K;
(iv) xn 6¼ yn if yn 62 K and then xn 2 oK such that
r xn1; xnð Þ þ r xn; ynð Þ ¼ r xn1; ynð Þ: ð2:7Þ
Mention that in the case (iv), xn 2 oK and by Rothe’s type
condition, ynþ1 2 Txn 2 K. Let
P1 ¼ fxi 2 fxng : xi ¼ yi; i ¼ 1; 2; . . .g and
P2 ¼ fxi 2 fxng : xi 6¼ yi; i ¼ 1; 2; . . .g:
Note that, if xn 2 P2 for some n, then xnþ1; xn1 2 P1:
Now, for n 2; three cases should be considered.
Case 1 xn; xnþ1 2 P1: Then, yn ¼ xn and ynþ1 ¼ xnþ1: Thus,
using (1.2)
r xn; xnþ1ð Þ ¼ r yn; ynþ1ð Þ
Hr Txn1; Txnð Þ þ kn
 kr xn1; xnð Þ þ Lr xn; Txn1ð Þ þ kn
 kr xn1; xnð Þ þ Lr xn; xnð Þ þ kn
 k þ 2Lð Þr xn1; xnð Þ þ kn:
Case 2 xn 2 P1 and xnþ1 2 P2: Then, yn ¼ xn and ynþ1 6¼
xnþ1: In this case, we have by (iv),
r xn; xnþ1ð Þ r xn; xnþ1ð Þ þ r xnþ1; ynþ1ð Þ
¼ r xn; ynþ1ð Þ ¼ r yn; ynþ1ð Þ
HrðTxn1; TxnÞ þ kn
 kr xn1; xnð Þ þ Lrðxn; Txn1Þ þ kn
ðk þ 2LÞrðxn1; xnÞ þ kn:
Case 3 xn 2 P2 and xnþ1 2 P1: Then, xn 6¼ yn, xn1 ¼ yn1,
xnþ1 ¼ ynþ1 and yn 2 Txn1: We have
rðxn; xnþ1Þ rðxn; ynÞ þ rðyn; xnþ1Þ
¼ rðxn; ynÞ þ rðyn; ynþ1Þ
 rðxn; ynÞ þ krðxn1; xnÞ þ Lrðxn; Txn1Þ þ kn:












Since h :¼ð1þLÞðkþ2LÞ\1; then
r xn; xnþ1ð Þ hr xn2; xn1ð Þ þ hkn2 þ kn:
Mention that 0\k h\1. Thus, due to above three cases,
we deduce for n 2
rðxn; xnþ1Þ
hrðxn1; xnÞ þ hn; or




a ¼ max rðx0; x1Þ; rðx1; x2Þf g:
Following [5], by induction it follows that for n 1;
rðxn; xnþ1Þ hn12 aþ hn2n: ð2:9Þ

























2 ! 0 as m !1:







n;m!1 r xn; xmð Þ ¼ 0: ð2:10Þ
Hence, fxng is Cauchy in ðK; rÞ. Since K is closed and
ðX; rÞ is complete, then ðK; rÞ is complete. Thus, fxng
converges to a point xH 2 K; that is,
lim
n!1 r xn; x
H
  ¼ r xH; xH  ¼ lim
n;m!1 r xn; xmð Þ ¼ 0:
ð2:11Þ
We will show that xH is a fixed point of T.
Observe that, by construction of fxng; there exists a
subsequence fxnðpÞg of fxng each of whose terms is in the
set P1; (i.e, xnðpÞ ¼ ynðpÞ; p ¼ 1; 2; . . .). Thus, by (i),
xnðpÞ ¼ ynðpÞ 2 TxnðpÞ1:
We have, for all p ¼ 1; 2; . . .
r xH; TxH
  r xH; xnðpÞþ1
 þ r xnðpÞþ1; TxH
 
 r xH; xnðpÞþ1
 þ Hr TxnðpÞ; TxH
 
 r xH; xnðpÞþ1
 þ kr xnðpÞ; xH







  ¼ lim
p!1 r xnðpÞ; x
H
  ¼ lim
p!1 r x
H; TxnðpÞ
  ¼ 0;
then
r xH; TxH
  ¼ 0:
Hence, by Lemma 1.7, xH 2 TxH ¼ TxH: Then, xH is a
fixed point of T. h
We state the following simple corollaries as conse-
quences of Theorem 2.1.
Corollary 2.2 Let ðX; rÞ be a complete metric-like space
and K a nonempty closed subset of X such that: if x 2 K
and y 62 K; then there exists a point z 2 oK; (the boundary
of K) such that
rðx; yÞ ¼ rðx; zÞ þ rðz; yÞ: ð2:12Þ
Suppose that T : K ! CBrðXÞ is a multivalued con-
traction, that is,
HrðTx; TyÞ krðx; yÞ; for all x; y 2 X ð2:13Þ
with k 2 ð0; 1Þ: If T satisfies Rothe’s type condition, that is,
x 2 oK ) Tx  K; then there exists xH 2 K such that
xH 2 TxH; that is, Thas a fixed point in K.
Proof It suffices to take L ¼ 0 in Theorem 2.1. h
The metric case of Corollary 2.2 is
Corollary 2.3 [5] Let ðX; rÞ be a complete convex metric
space and K a nonempty closed subset of X. Suppose that
T : K ! CBrðXÞ is a multivalued contraction, that is,
HrðTx; TyÞ krðx; yÞ; for all x; y 2 X ð2:14Þ
with k 2 ð0; 1Þ: If T satisfies Rothe’s type condition, that is,
x 2 oK ) Tx  K; then there exists xH 2 K such that
xH 2 TxH; that is, T has a fixed point in K.
We give the following illustrated examples.
Example 2.4 Let X ¼ ½0;1Þ, K ¼ ½0; 1 and k ¼ 1
6
. Con-
sider T : K ! CBrðXÞ given by Tx ¼ f0; xþ 5
6
g; for all
x 2 K. Take rðx; yÞ ¼ jx yj:
Mention that Rothe’s type condition is easily verified.
We show that T is a multivalued almost contraction. In fact,
we have for all x; y 2 ½0; 1
HrðTx; TyÞ ¼max drðTx; TyÞ; drðTy; TxÞf g












rð0; TyÞ ¼ min rð0; bÞ : b 2 Tyf g














; b 2 Ty
 	




















Therefore, drðTx; TyÞ ¼ jx yj
6
: Similarly, we find
drðTy; TxÞ ¼ jx yj
6
: Then, for all x; y 2 K,
HrðTx; TyÞ ¼ jx yj
6
:
Thus, HrðTx; TyÞ krðx; yÞ þ Lrðy; TxÞ for all x; y 2 K for
all L 0. Now, consider the case where L is chosen such
that 0\ L  3
10
:
Note that (2.1) is verified for z ¼ 1: Moreover, the
additional condition ð1þ LÞðk þ 2LÞ\1 is also satisfied.
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Hence, T is a multivalued almost contraction that
satisfies all assumptions of Theorem 2.1, and T has two
fixed points; that is, Fix(T) ¼ f0; 1g:
Example 2.5 Let X ¼ R, K ¼ ½0; 1 and k ¼ 2
3
: Define
T : K ! CBrðXÞ by Tx ¼ f0; x
2 þ 2
3
g; for all x 2 K and
rðx; yÞ ¼ jx yj: Recall that Rothe’s type condition is
verified. We show that T is a multivalued almost contrac-
tion. In fact, we have for all x; y 2 ½0; 1
HrðTx; TyÞ ¼ max drðTx; TyÞ; drðTy; TxÞf g






































































jx yj  krðx; yÞ
þ Lrðy; TxÞ
for all x; y 2 K and for all L 0. Now, consider the case
where L is chosen such that 0 L 1
4þ ﬃﬃﬃﬃﬃ22p :
Note that (2.1) is verified for z ¼ 0 if y 0 and for z ¼ 1
if y 1: Moreover, the additional condition ð1þ LÞðk þ
2LÞ\1 is also satisfied.
Hence, T is a multivalued almost contraction that
satisfies all assumptions of Theorem 2.1, and T has two
fixed points; that is, Fix(T) ¼ f0; 1g:
Example 2.6 Let X ¼ R, K ¼ ½0; 1, k ¼ 1
4
: Define T :
K ! CBrðXÞ by Tx ¼ f0; 1
2þ xg; for all x 2 K and
rðx; yÞ ¼ jx yj: Recall that Rothe’s type condition is
verified. We show that T is a multivalued almost contrac-
tion. In fact, we have for all x; y 2 ½0; 1
HrðTx; TyÞ ¼ max drðTx; TyÞ; drðTy; TxÞf g
¼ max max rð0; TyÞ; r 1




max rð0; TxÞ; r 1
2þ y ; Tx
  		
:
It is easy to show that rð0; TyÞ ¼ 0: We have also,
r
1
2þ x ; Ty
 
¼ min r 1
2þ x ; b
 
: b 2 Ty
 	
¼ min r 1













¼ jx yjð2þ xÞð2þ yÞ :
Therefore, drðTx; TyÞ ¼ jx yjð2þ xÞð2þ yÞ : Similarly, we find
drðTy; TxÞ ¼ jx yjð2þ xÞð2þ yÞ : Then, for all x; y 2 K,




jx yj  krðx; yÞ þ Lrðy;TxÞ
for all x; y 2 K and for all L 0. Now, consider the case
where L is chosen such that 0 L 1
4
:
Note that (2.1) is verified for z ¼ 0 if y 0 and for z ¼ 1
if y 1: Moreover, the additional condition ð1þ LÞðk þ
2LÞ\1 is also satisfied.
Then, T is a multivalued almost contraction that satisfies
all assumptions of Theorem 2.1, and T has two fixed points;
that is, Fix(T) ¼ f0;1þ ﬃﬃﬃ2p g:
Example 2.7 Let X ¼ f0; 1; 2g; K ¼ f0; 1g and
k 2 ½0; 1Þ. Consider r : X  X ! ½0;1Þ defined by
rð0; 0Þ ¼ rð1; 1Þ ¼ 0; rð2; 2Þ ¼ 1
4
; rð1; 0Þ ¼ rð0; 1Þ ¼ 1
3
;
rð2; 0Þ ¼ rð0; 2Þ ¼ 3
5
and rð1; 2Þ ¼ rð2; 1Þ ¼ 2
5
:
Then, ðX; rÞ is a complete metric-like space. Define T :
K ! CBrðXÞ by
T0 ¼ T1 ¼ f0; 1g:
Note that Tx is bounded for all x 2 X in the metric-like
space ðX; rÞ and the Rothe’s type condition is verified.
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About the closedness of Tx in ðX; rÞ, mention that Tx ¼
f0; 1g  f0; 1g ¼ Tx for all x 2 K. While, if 2 2 f0; 1g, so
there exists x 2 f0; 1g, such that
rð2; xÞ\rð2; 2Þ þ e ¼ 1
4
þ e; 8 e[ 0;
which is a contradiction due to rð2; 0Þ ¼ 3
5
and rð2; 1Þ ¼ 2
5
.
So, 2 62 f0; 1g. Similarly, it is clear that 0 2 f0; 1g and
1 2 f0; 1g, then f0; 1g  f0; 1g. We conclude that Tx ¼ Tx
for all x 2 X, that is, Tx is closed in ðX; rÞ. We also have
HrðTx; TyÞ ¼ Hrðf0; 1g; f0; 1gÞ
¼ maxfrð0; f0; 1gÞ; rð1; f0; 1gÞg
¼ rð1; f0; 1gÞ
¼ minfrð0; 1Þ; rð1; 1Þg
¼ 0 krðx; yÞ þ Lrðy; TxÞ
for all x; y 2 K and for all L 0. Now, consider the case
where L is chosen such that ð1þ LÞðk þ 2LÞ\1: Note that
(2.1) is verified for z ¼ 0 if x ¼ 0 and y ¼ 2 and for z ¼ 1
if x ¼ 1 and y ¼ 2: Therefore, T is a multivalued almost
contraction that satisfies all assumptions of Theorem 2.1,
and T has two fixed points; that is, Fix(T) ¼ f0; 1g:
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